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Formulas are presented for calculating the process of filling a vessel 
with a gas. These formu!as were obtained by integration of the d i d  
ferential equations of thermodynamics of a variable mass, allowing 
for variation in the parameters of the incoming gas, and for heat 
transfer between the wails and the gas. 

Refe rences  [1] and [31, deal ing with the ca lcu la -  
t ion of g a s - v e s s e l  f i l l ing p r o c e s s e s ,  make the a s s u m p -  
t ion that the p a r a m e t e r s  of the en te r ing  gas a r e  constant .  
Change in the flow ra te  of the gas is  taken into account  
only through the i n c r e a s e  in back p r e s s u r e  of the yes -  
sel  being f i l led.  Actual ly ,  the fi lI ing of pneumat ic  sys -  
terns is a s soc ia ted  in many  cases  with the emptying of 
other  v e s s e l s .  There fore ,  the p a r a m e t e r s  of the in -  
coming gas a re  a function of t ime.  The re levan t  quan-  
t i t l e s - - p r e s s u r e ,  t e m p e r a t u r e ,  densi ty ,  and flow ra te - -  
are  de te rmined  by fo rmulas  obtained in [2]. We cons ider  
the solution of the p rob lem of a vesse i  being fi l led with 
a gas when the p a r a m e t e r s  of the en te r ing  gas a re  
known funct ions of t ime .  

We wri te  the di f ferent ia l  equation desc r ib ing  v a r i -  
at ion of the gas p a r a m e t e r s  in the ves se l  while it  is 
being f i l led [7]: 
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The var ia t ion  of flow rate* and t e m p e r a t u r e  of 
the gas a r r i v i n g  in the vesse l  is  de t e rmined  by the 
fo rmulas  [21 

~ =  a~ a sh 6 (~o-~ + e) (3) 

Go, ~ th ( ~  + e) 

T--l-- T1 = a  2cth 2(co~+e). (4) 
To1 

The cons tants  a, ~a, 6, w, and e appear ing  in 
these  expres s ions  a re  given by the fo rmulas  of [8] 
in t e r m s  of the p a r a m e t e r s  of the supply sys tem.  

Dividing (1) by (2), and cons ide r ing  the f ami l i a r  
expres s ion  for enthalpy and Eqs. (3) and (4), we ob- 
tain the di f ferent ia l  equation 

d p ~ . =  a Go~ sh6_,(co.~_l_~)eh(eoTq_a)" (5) 
v2 

In tegra t ing  over  the range 0 to r and f rom P0a to 0a [5], 
we obtain 

vl ,Oro + ] .  (6) 

Now we shal l  de te rmine  the ra te  of heat supplied to the 
ves se l  being f i l led dQ2/d'r appear ing  in Eqs.  (1) and 
(2). Taking the wail t e m p e r a t u r e  of the vesse l  to be 
constant  and equal to T0z (see [2]), in accordance  with 
[6], we can wr i t e  

dQ2 - a (To~ - -  T2) F 2. (7) 
dT 

Because of the grea t  ve loc i ty  of the incoming  gas,  
s t rong mixing  occurs  in the vesse l  being fi l led.  The re -  
fore ,  we can cons ide r  that the h e a t - t r a n s f e r  coefficient  

is  given by the fo rmula  for tu rbu len t  flow [6]: 

a = ZKr  Kc w ~176 2. (8) 

The function Z depends on the t e m p e r a t u r e  and is  pro-  
por t ionai  to the 0.8- th  power of the p r e s s u r e .  Using an 
approximat ion  based on exper imen ta l  data for Z, and 
taking into account  the t e mpe r a t u r e  dependence of the 
co r r ec t ion  for non i so the rmic i ty ,  we can formula te  an 
analy t ica l  expres s ion  of the fo rm (see [41 ) 

ZKr = x2 , (9) 

where  the coefficient  • depends on the p rope r t i e s  of 
the working subs tance  (for a i r  • = 3.53" 10 .2 kg ~ . 
. sec-0,  s .  deg-0, z. m-0.8). Assuming  the approximat ion 
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and taking account  of Eq. (9), we find the value of the 
h e a t - t r a n s f e r  coefficient  a and, thus,  the heat supply  
ra te  

dQ~ = ~ (Too " _ T2 ) GlO.S, 
d-c 

where  

{} = 1.213 3(~KLR~ 

Now subst i tu t ing this express ion  into (1), and taking 
account of Eqs.  (3), (4), and (6), we obtain the dif- 
fe ren t ia l  equation 

dpe ( sh s t )0.s sh s t 

/ + %  thTi + 

*We a s s u m e ,  for s impl ic i ty ,  that the p r e s s u r e  
drop is  c r i t i c a l  in both v e s s e l s .  + % ~  tht  ! (b , - - sh  ~ t )  
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Fig .  1. T h e r m o d y n a m i c  p r o c e s s  of c o m -  

p r e s s i o n  of a g a s  f o r  v a r i o u s  v a l u e s  of m :  
1) i s o t h e r m a l  p r o c e s s  (m = 1): 2) c o m -  

p r e s s i o n  of t h e  g a s  d u r i n g  f i l l i n g  of  t he  
v e s s e l  w i th  m = m(T) ;  3) a d i a b a t i c  p r o -  

c e s s  (m = 1.4) .  
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F i g .  2.  T e m p e r a t u r e  of t he  g a s  (~ in  the  
y e s  s e l  b e i n g  f i l l e d  a s  a f u n c t i o n  of t i m e  ( s e c ) .  
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Index for the thermodynamic 
p r o c e s s  of c o m p r e s s i o n  of t h e  g a s  in  
t h e  v e s s e l  b e i n g  f i l l e d  a s  a f u n c t i o n  

of t i m e  ( s e c ) .  



JOURNAL OF ENGINEERING PHYSICS 211 

Here 

q~3 - -  
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In tegra t ion  of this equation gives the r e su l t  of [5], 

p ~ = e x p ( - - % l a ) ( % l ~ + % [ ~ + C  ), (11) 

where 

( sh ~ t ~0.a 
I~=  j ~ t ~ ]  exp(%I~)dt, 

I~ = ~ sh~ t 
t h -  ~ exp (% I~) dr, 

C ( sh~tlo,s dt 
Is 

J \ ~ / (o~- sh~ t ) '  

and C is  a constant  de te rmined  by the ini t ia l  condit ions.  
The in tegrand  of the las t  in tegra l  can be approximated  
by the following re la t ion:  

1'3 dI~ -- B~ + B2exp (~  t), (12) 
d~ 

where  Bt, B~, and X! are  cons tants  (for d2 = 3 .38 .10  a, 
k = 1.4, and bt = 0.9941; B1 = 53; B 2 = 20847; X~ = 
= -0 .61 ) .  Equation (12) enables  us to find the in tegra l  
Ia: 

I ~ = B ~ +  B~ exp(/~t)+C~. (13) 

The ca lcula t ions  p resen ted  indicate  that the quant i t ies  
(shht ctht)  ~ and sh 6 t c t h  a t for d~ >- 200 (this inequal -  
ity hoIds in the m a j o r i t y  of cases)  a re  c lose  to 1, i. e . ,  
p r ac t i ca l ly  I~ = I x. Evaluat ing the in tegra l  I = I~ = I2 
n u m e r i c a l l y ,  we obtain a function which, in the range  of 
poss ib le  va r i a t ion  of t, can be r e p r e s e n t e d  as follows: 

for e-~ t ~ 6.65 
I = B,~ + B4t , (14) 

for 6 . 6 5 < t <  

I = B; + B; exp @~ t). (15) 

Here Ba, B{, BI, B~, X 2 are  constant  coeff ic ients  (for 
q0 a =2 .31 .10-4 ;B~ -5 .053 ;  B' = = = = ~ 1.116; B 4 16; B 4 
= - 2 5 . 9 ;  k2 = - 0 . 0 9 1 ) .  

Thus,  (13)-(15) allow us to find the p r e s s u r e  P2 
in the ves se l  as a function of the t ime  durat ion of f i l l -  
ing.  Knowing the p a r a m e t e r s  of the working subs tance  
in the vesse l  being f i l led-- the  p r e s s u r e  P2 (see (11)) 
and the densi ty  px (see (6))--it is  easy  to de t e rmi ne  the 
va r i a t ion  of the gas t e m p e r a t u r e  T2 f rom the equation 
of s ta te .  

When heat  t r a n s f e r  is neglected,  the solut ion of 
Eq. (10) is  cons ide rab ly  s impl i f ied :  

csch e t ] 
P~ = Po2 + ~4 + % sh ~ t 1 + (16) 

6 k +  (k - -  l)Oo ' 

where  

k (k - -  1) GaR l / T a  
~4 = o~ ( 1 + ,~) [k + ( k - -  1) ~1 V. x 

x {1 + ~ 2 [ k +  (k--1)~,,]}. 

The equation describing the thermodynamic process 
in the vessel being filled can be obtained from Eqs. (6) 
and (16): 

Here 

P~ + ~9~ - -  

- - - -  P2 - -  ~ = 0. (17) 
( ~ -  2) % 

V1 Pol 5 ' 

% b l  
~ = P o ~ + ~ +  5 ' 

~, = k + (k - -  1) ~ .  

Hence,  it is  a s t ra igh t fo rward  m a t t e r  to de te rmine  an 
express ion  for the ins tan taneous  index of the t he rmo-  
dynamic p roces s  (see [8]): 

1 
m = - -  [ (~ - -  1) % ( 1 + 

2 

+ ~2) (bl - -  sh ~ t) c~h2t] X 

% sh ~ t X • P 0 2 + ~ 4 + 5 _ _ 2  

or ,  approximate ly ,  

P2 

F r o m  the fo rmulas  obtained,  approximate  graphs 
have been cons t ruc ted  (for T01 = 300 ~ K, T0z = 3000 K, 
F c r i t  = 3 . 1 4 " 1 0  -G mZ; V1 = 7 0 . 7 " 1 0  -3 m~; V2 = 1 " 1 0  -~ 
m ~ ; k = 1.4; ~ = Xl ~f-T1 = 5.7 kg l /~ / sec  5/~" m z/~. deg 5/a ; 
P01 = 1.96"10 N/m2; P02 = 9.8"104N/m2;  P01 = 222 kg/  
/m3; P02 = 1.11 k g / m  3, R = 295 J / k g . d e g ) .  

F igure  1 shows a graph of the f i l l ing p rocess  on a 
p v - d i a g r a m .  It can be seen that the the rmodynamic  
p roces s  examined fa l ls  between i s o t h e r m a l  and adia-  
bat ic .  This conf i rms  the viewpoint  of Mamontov [7] 
that,  for p r o c e s s e s  with va ry ing  m a s s  the p re sence  of 
the condit ion dQ = 0 does not imply  that the p roce s s  is  
adiabat ic .  F igure  2 shows the t e m p e r a t u r e  in the vesse l  
being f i l led  as a function of t ime.  It can be seen that the 
gas t e mpe r a t u r e  tends to some cons tant  value as t ime 
goes on. This  is conf i rmed  al so by Fig.  3, a graph of the 
var ia t ion  of the index m for the the rmodynamic  p rocess  
as a function of t ime ,  which shows that m approaches  1. 

NOTATION 

p is the p r e s s u r e ;  p is the densi ty;  T is the t em-  
pe ra tu re ;  ~- is t ime;  k is the adiabatic  exponent;  m is the 
index of the the rmodynamic  p rocess ;  V is  the volume 
of the vesse l ;  i is  enthalpy;  G is  the m a s s  flow rate  of 
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gas ,  p e r  sec ;  Q is  t h e h e a t  supply;  ~ i s  the h e a t - t r a n s -  
f e r  coef f ic ient ;  ~ is  the flow r a t e  coef f ic ien t ;  F c r i t  
is  the a r e a  of the c r o s s  sec t ion  d e t e r m i n i n g  the gas  
flow r a t e ;  F i s  the a r e a  of the inner  su r f ace  of the 
v e s s e l ;  R i s  the gas  cons tan t ;  • is  an e x p e r i m e n t a l  co-  
e f f ic ient  (see [6]); w i s  the gas  ve loc i ty ;  D i s  the di-  
a m e t e r  of the v e s s e l  being f i l l ed ;  K L i s  the c o r r e c t i o n  
for  flow s t ab i l i za t ion ;  • i s  an e x p e r i m e n t a l  coef f ic ien t ;  
L is  the length of the v e s s e l .  The s u b s c r i p t  0 denotes  
p a r a m e t e r s  a t  the in i t i a l  t ime ;  1 denotes  p a r a m e t e r s  in 
the v e s s e l  being empt i ed ;  2 denotes  p a r a m e t e r s  in the 
v e s s e l  being fi l led~ 
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